This project was sponsored through the Schiff Fellowship program of Brandeis University. This project involved using the power series method to construct a third order nonlinear ordinary differential equation, a Schwarzian equation, for each of the "genus zero" modular functions, described in the Conway-Norton paper. We first use the Borcherd recursion formuli to generate, in each case, a modular function up to whatever degree we desire, and then use the fact that there is a Schwarzian equation, determined by a single rational function we call a Q-value. By similar power series methods, we compute the coefficients of our rational function, and hence have all the necessary data to create a Schwarzian differential equation for each modular function. This equation can, in turn, be used to recover the modular function itself.
Basic Notions of Differential Equations
First, we look at some basic notions of differential equations, that will form the basis for later work. One of the most powerful theorems is the existence and uniqueness theorem for differential equations.
Theorem 1 If b(t) a(t) and c(t) a(t) are continuous functions on an open interval
I that includes t = t 0 , then the initial value problem a(t)y ′′ (t) + b(t)y ′ (t) + c(t)y(t) = 0, y(t 0 ) = a, y ′ (t 0 ) = b has a unique solution on I.
So, if we get a differential equation of that form, we will be able to find a unique solution. One way to find a solution is to use the "method of Frobenius." We assume the solution takes on the form y(t) = x r ∞ n=0 a n t n = ∞ n=0 a n t r+n .
If y(t) is of that form, then y ′ (t) is of the form y ′ (t) = ∞ n=0 a n (r + n)t r+n−1 , and then y ′′ (t) is of the from y ′′ (t) = ∞ n=0 a n (r + n)(r + n − 1)t r+n−2 .
Then we plug those values into our second-order differential equation, and find as many coefficients as we desire (by solving a system of equations).
Hypergeometric Functions
If we have an ODE of the form Now, to find a solution to this ODE, we use the method of Frobenius, and say the solution is of the form u(z) = ∞ n=0 a n z n+s and can solve to get a recursive definition of the coefficients. More specifically, we get the recursion a n+1 = (n + a)(n + b) (n + 1)(n + c) a n .
Following the recursion through, a bit, we see that As a notational convention, we define the Pochhamer symbol, (a) n as:
(a) 0 = 1 (a) n = a(a + 1)(a + 2) · · · (a + n − 1) and we can write the solution to a differential equation of that form as
(a) n (b) n n!(c) n a 0 z n , which we call a hypergeometric function.
The Schwarzian
The Schwarzian derivative is a "differential operator invariant under the group of all fractional linear transformation" (Hille) . The Schwarzian derivative is defined by {w, z} = w
where w is dependent on z. Now we have our key theorem, taken from Hille:
Theorem 2 Let y 1 and y 2 be two linearly independent solutions of the equation y ′′ + Q(z)y = 0, and be defined and analytic is a simply connected domain D in the complex plane. Then w(z) =
satisfies {w, z} = 2Q(z) at all points of D where y 2 (z) = 0. Conversely, if w(z) is a solution of {w, z} = 2Q(z), analytic in some neighborhood of a point z 0 ∈ D, then you can find linearly independent solutions, u(z) and v(z) (of
, and if v(z 0 ) = 1, then solutions u and v are uniquely defined.
We can find {z, w} = 2Q(z)x ′ (z) 2 , the interchanging of dependent and independent variable, by primarily using the inverse function theorem, stating that if g is the inverse of f , then g
. We can also transform a Gauss hypergeometric equation into an equation of the form y ′′ (z) + Q(z)y(z) = 0, and therefore we can see that every Gauss hypergeometric equation will have a corresponding "Q"-value. In particular, we can compute that the "Q"-value will be
There will be singularities at z = 0, z = 1, and at ∞.
The Picard-Fuchs Equation
As an example, let us consider the differential equation
It has two linearly independent solutions:
We can normalize the ODE, by letting f = gf , giving us By similar plugging in, and letting b 0 = 0, we get our second solution to look like
We can now find the inverse of this, which gives us
and taking one-over this, we get
This is called the elliptic modular function j.
Modular Functions and Their Q-values
Let h be the complex upper-half plane. A modular function is a holomorphic function f : h → C if it is invariant under the group SL(2, Z). SL(2, Z) is defined as all matrices of the form
f is said to be invariant under a matrix A if f (A(t)) = f (t), where A(t) = at+b ct+d . There are 175 so-called "genus zero" modular functions, of which j(q) is one. The genus-zero modular functions arise in the work of Conway and Norton, in their study of the Moonshine Conjecture. It is known that each of these functions has a q-series expansion of the form q −1 + c + O[q]. Conway and Norton give us the first 12 coefficients of these modular functions. For example, Conway and Norton give us the values: 1, 24, 196884, 21493760, 864299970, 20245856256, 333202640600, 4252023300096, 44656994071935, 401490886656000, 3176440229784420, and where c ∈ R. Because of this, we modified Conway and Norton's data, to let all of the constants (coefficients of q 0 ) become 0. This will make our Q-values look nicer, and there's a transform we can use to find the Q-value for any of the 175 geneus-zero modular functions, with any constant coefficient.
Borcherds provides us with a recursive algorithm to determine as many coefficients as we want. So now, our task is to determine the unique "Q" value for each of the 175 genus-zero modular functions, with the constantcoefficient set at 0.
All of Conway and Norton's coefficients have been inputted into a text file, Coeff.txt. (All of these files are available online at people.brandeis.edu/lian/) The format of the data is as follows: • Borcherds' recursion formuli for c g (k) depend on values of c g (j) where j < k, but they also depend on values of c g 2 (j), where j < k. For each set of coefficients, c g , there is a corresponding set of coefficients, c g 2 . These are given (albeit a bit cryptically) in Conway and Norton's paper (in Table 2 ), but can also be determined by a trial-and-error experiment, which performed. (Breifly, the experiment involved starting with c g being the coefficients for 1A, and then running through all the other 174 modular functions, to see if when those coefficients were plugged in for c g 2 , we would get accurate coefficients for c g .) To summarize the findings briefly, for the cofficients for the modular function XY , where X is a number between 1 and 119 (once again, corresponding to the numberings of the modular functions by Conway and Norton) , and where Y is a letter. If X is even, then the corresponding c g 2 is (X/2)Z, where Z is some letter (not predictable). If X is odd, then the corresponding c g 2 is XY . The data is stored in the function f . The format for f is f [number of the modular function]=number of the modular function for c g 2 .
We wrote a Mathematica program (ModularFn.txt) that compues any Conway and Norton's delineated 175 genus-zero modular functions up to any given degree. We first input a value md which correspondings to the Conway and Norton name of the modular function. We then input a value n which corresponds to the degree of the modular function we wish to compute. The program then uses the Bourcherds recursion formuli to determine all the coefficients up to n.
Once we have a modular function, we can compute the Q-value. A Qvalue determines a modarul function, and hence encodes the same information as the function itself. We know that Q will be a rational function, with finitely many terms in the numerator and denominator. To compute the Q-values, we wrote a program in Mathematica, Qvalues.txt, that inputs a modular function, md, inputs a maximum degree of the numerator, r, and inputs a maximum degree of the denomninator s. After we compute the modular function to a degree of 300, using the same basic structure as the program ModularFn.txt. We then return to the Schwarzian equation, plugging in our modular functions and the Q-value
We can bring everything to one side of the equation, and solve for set all the coefficients of all the "q"-values equal to 0: q 2 , q 3 , q 4 and so on, up to s + r + 2. If Mathematica isn't able to solve the equations (to get anything other than 0 for all the b i s and c i s, then we need to increase the degree of the numerator and denominator, and keep increasing them until we are able to get good values for them all.
We carried this out for all 175-modular functions to give us the following Q-values:
1+8z+52z 2 +776z 3 +6532z 4 +27392z 5 +60688z 6 +68192z 7 +30472z 8 4z 2 (−1−4z+30z 2 +227z 3 +524z 4 +420z 5 ) 2
19A
1+6z+41z 2 +580z 3 +4120z 4 +14908z 5 +29212z 6 +29064z 7 +11340z 8 4z 2 (−1−3z+32z 2 +172z 3 +276z 4 +144z 5 ) 2
20A
1+32z 2 +304z 3 +1088z 4 +2304z 5 +3072z 6 4z 2 (−1+32z 2 +64z 3 ) 2
20B
1+8z 2 +848z 4 −704z 6 +3072z 8 4z 2 (−1+12z 2 +64z 4 ) 2
20C
1−4z+16z 2 −124z 3 +630z 4 −1292z 5 +1408z 6 −1172z 7 +793z 8 4z 2 (1−2z−2z 2 +20z 3 −47z 4 +30z 5 ) 2
20D
1−64z 4 −576z 6 −1024z 8 +4096z 12 4z 2 (1+16z 2 +64z 4 +64z 6 ) 2
20E
1+10z 2 +351z 4 +44z 6 +351z 8 +10z 10 +z 12 4z 2 (−1+19z 2 −19z 4 +z 6 ) 2
20F
1+10z+65z 2 +720z 3 +6350z 4 +32700z 5 +101870z 6 +198000z 7 +237105z 8 +161530z 9 +48337z 10 4z 2 (−1−5z+20z 2 +210z 3 +627z 4 +835z 5 +426z 6 ) 2
21A
1+4z+30z 2 +352z 3 +1705z 4 +5916z 5 +11340z 6 4z 2 (1+2z−35z 2 −108z 3 ) 2
21B
1+2z−5z 2 −54z 3 +9z 4 +576z 5 +576z 6 +792z 7 +504z 8 4z 2 (1+z+5z 2 +11z 3 +3z 4 −21z 5 ) 2
21C
1+110z 3 +1729z 6 −3672z 9 4z 2 (−1+26z 3 +27z 6 ) 2
21D
1+10z+63z 2 +628z 3 +5257z 4 +26478z 5 +81681z 6 +158364z 7 +190143z 8 +130338z 9 +39321z 10 4z 2 (−1−5z+21z 2 +197z 3 +511z 4 +561z 5 +222z 6 ) 2
22A
1+4z+28z 2 +332z 3 +2144z 4 +6480z 5 +9548z 6 +5712z 7 +624z 8 4z 2 (−1−2z+28z 2 +100z 3 +112z 4 +48z 5 ) 2
22B
1−4z+12z 2 −100z 3 +736z 4 −2816z 5 +6636z 6 −9872z 7 +8656z 8 −3200z 9 −2240z 10 +3840z 11 −1280z 12 4z 2 (1−2z−4z 2 +28z 3 −80z 4 +128z 5 −128z 6 +64z 7 ) 2
23A
1+8z+44z 2 +462z 3 +3686z 4 +16546z 5 +44173z 6 +72694z 7 +72287z 8 +39090z 9 +8277z 10 4z 2 (−1−4z+18z 2 +142z 3 +351z 4 +394z 5 +175z 6 ) 2
24A
1+8z 2 +512z 6 +4096z 8 4(z−20z 3 +64z 5 ) 2
24B
1+4z+20z 2 +368z 3 +2288z 4 +6400z 5 +10240z 6 +10240z 7 +5120z 8 4z 2 (−1−2z+16z 2 +96z 3 +192z 4 +128z 5 ) 2
24C
1−4z+6z 2 +68z 3 −393z 4 +408z 5 +1716z 6 −5688z 7 +8223z 8 −9620z 9 +10982z 10 −8460z 11 +2825z 12 4z 2 (1−2z+z 2 −18z 3 +47z 4 −14z 5 −49z 6 +34z 7 ) 2 
24D

29A
1+8z+38z 2 +296z 3 +2091z 4 +9000z 5 +24526z 6 +45520z 7 +59625z 8 +53152z 9 +28472z 10 +7248z 11 +624z 12 4z 2 (−1−4z+13z 2 +100z 3 +215z 4 +198z 5 +68z 6 +8z 7 ) 2
30A
(1 − 10z + 43z 2 − 158z 3 + 289z 4 + 2432z 5 − 15664z 6 + 23264z 7 + 61972z 8 − 318416z 9 + 633016z 10 −708784z 11 + 368536z 12 )/(4z 2 (−1 + 5z + 15z 2 − 113z 3 + 57z 4 + 551z 5 − 904z 6 + 264z 7 ) 2 ) 30B 1+2z+15z 2 +112z 3 +311z 4 +1386z 5 +2613z 6 −2340z 7 +2700z 8 4z 2 (1+z−25z 2 −37z 3 +60z 4 ) 2
30C
1−2z+5z 2 −76z 3 +362z 4 −1244z 5 +2710z 6 −3368z 7 +4169z 8 −2658z 9 +7077z 10 −5580z 11 +2700z 12 4z 2 (−1+z−2z 2 −18z 3 +39z 4 −79z 5 +60z 6 ) 2
30D
( 
31A
1+8z+36z 2 +246z 3 +1622z 4 +6930z 5 +18981z 6 +33086z 7 +35047z 8 +22122z 9 +10189z 10 +3864z 11 +648z 12 4z 2 (−1−4z+14z 2 +94z 3 +159z 4 +98z 5 +27z 6 ) 2 32A 1+8z+36z 2 +272z 3 +2044z 4 +9600z 5 +28640z 6 +56576z 7 +74096z 8 +60800z 9 +25664z 10 +768z 11 −2496z 12 4z 2 (−1−4z+6z 2 +76z 3 +228z 4 +352z 5 +296z 6 +112z 7 ) 2
33A
(1 − 2z + 5z 2 + 30z 3 − 214z 4 + 790z 5 − 1843z 6 + 3966z 7 − 5586z 8 + 9038z 9 − 9919z 10
33B 1+4z+14z 2 +188z 3 +1081z 4 +2756z 5 +4976z 6 +8092z 7 +9200z 8 +5104z 9 +1452z 10 4z 2 (−1−2z+11z 2 +56z 3 +96z 4 +44z 5 ) 2
34A
1+2z+11z 2 +100z 3 +411z 4 +898z 5 +1417z 6 +752z 7 −664z 8 −912z 9 +432z 10 4z 2 (1+z−19z 2 −33z 3 +14z 4 +20z 5 −8z 6 ) 2
35A
1+4z+14z 2 +180z 3 +1273z 4 +4780z 5 +11632z 6 +15964z 7 +12112z 8 −3360z 9 −6900z 10 4z 2 (−1−2z+3z 2 +44z 3 +136z 4 +220z 5 +200z 6 ) 2
35B
42C
1−26z 3 −519z 6 −4440z 9 −18368z 12 −35520z 15 −33216z 18 −13312z 21 +4096z 24 4z 2 (1+14z 3 +61z 6 +112z 9 +64z 12 ) 2
42D
(1 + 8z + 34z 2 + 212z 3 + 1411z 4 + 6508z 5 + 21074z 6 + 50668z 7 + 92701z 8 + 128728z 9 + 132692z 10 +97272z 11 + 46788z 12 + 12096z
44A 1+4z+12z 2 +100z 3 +736z 4 +2816z 5 +6636z 6 +9872z 7 +8656z 8 +3200z 9 −2240z 10 −3840z 11 −1280z 12 4z 2 (−1−2z+4z 2 +28z 3 +80z 4 +128z 5 +128z 6 +64z 7 ) 2 45A 1+4z+10z 2 +64z 3 +363z 4 +1416z 5 +2850z 6 +1524z 7 −3543z 8 −7232z 9 −3776z 10 −8z 11 +592z 12 4z 2 (−1−2z+13z 2 +33z 3 +9z 4 +13z 5 +34z 6 +11z 7 ) 2
46A
( 48A 1+64z 4 +640z 6 −2592z 8 +2560z 10 +1024z 12 +256z 16 4z 2 (1−8z 2 +8z 4 −32z 6 +16z 8 ) 2
50A
1+4z+10z 2 +60z 3 +245z 4 +496z 5 +1124z 6 +2840z 7 +2380z 8 −3040z 9 −4096z 10 +1536z 11 +2280z 12 4z 2 (1+2z−13z 2 −35z 3 +53z 5 +16z 6 −24z 7 ) 2
51A
(1 + 4z + 10z 2 + 92z 3 + 499z 4 + 1308z 5 + 2598z 6 + 4388z 7 + 5905z 8 + 5212z 9 + 2024z
1+4z 2 +214z 4 +1644z 6 +5089z 8 +5832z 10 +336z 12 +320z 14 +3072z 16 4z 2 (−1−2z 2 +23z 4 +76z 6 +64z 8 ) 2
52B
( 6 Transforming to any Constant
These Q-values correspond to the modular function with a constant of 0. To make our Q-values even more useful, we now give the details on how to transform the Q-value to those of a modular function with a different constant, say "c." After we've run our program, the modular function is saved in t[q]. Change t[q] to t[q]+c. Note -you must give a vlue for c. Letting c be a variable will make the calculations too complex for Mathematica to handle. Then run the remainder of the program, and the final Q-value will be the Q-value determined by our modular function with c as its constant.
